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METHODS TO CALCULATE LAVA VISCOSITY AND FLOW EMPLACEMENT DURATION
1. Viscosity estimated by the petrological approach
The effective viscosity of a lava (apparent viscosity; app) is equal to the product of the interstitial melt viscosity (liquid viscosity; liq) and the effect of suspended crystals in the melt (relative viscosity; r) (e.g., Ryerson et al. 1988; Bagdassarov and Dingwell 1992; Lejeune and Richet 1995; Mader et al., 2013): 

The liq for each lava was calculated using the model of Giordano et al. (2008) in which viscosity is a function of temperature, chemical composition, and amount of dissolved water:

where 𝐴 is a constant representing the lower limit of the silicate melt viscosity at high temperature, and 𝐵 and 𝐶 are adjustment parameters depending on the chemical composition (Giordano et al., 2008).
Estimates for liq were obtained by inputting the values obtained in our study into a spreadsheet created as a companion to Giordano et al. (2008) (available online at https://www.eoas.ubc.ca/~krussell/VISCOSITY/grdViscosity.html). In the spreadsheet, we provided our data for pre-eruptive conditions (bulk rock composition for each lava) and syn-eruptive conditions (interstitial glass measured with electron microprobe), along with the temperature and H2O data obtained using the Wieser et al. (2022) iterative thermometer/hygrometer method (based on equations from Putirka et al., 2008 and Waters and Lange, 2015). For pre-eruptive (magma) conditions, the calculated H2O wt. % was used, while for syn-eruptive conditions, a low H2O content of 0.1 wt. % was assumed.
To calculate r we followed the model of Costa et al. (2009), which is based on a non-Newtonian semiempirical association for highly concentrated solid-fluid mixture, which takes into account particle shape and strain rate dependence:


where ϕ is the crystalline fraction, ϕm is the maximum packing, 𝜉(<<1), 𝛿 and 𝛾 are empirical parameters that vary according to the strain rate and particle shape, 𝐵 is the Einstein coefficient (i.e., the intrinsic viscosity) with a nominal value of 2.5, and ϕ∗ is the critical solid fraction where the exponential increase in viscosity begins. The erf (error function) describes a rheological transition below and above the maximum packing limit.
Here we applied the Costa et al. (2009) model using fitting parameters reported by Cimarelli et al. (2011), following Chevrel et al. (2013, 2016) and Ramírez-Uribe et al. (2021), due to the similarity in mineralogy between the lavas of Rancho Seco and La Taza volcanoes. This model can be used to quantify the remaining rheological evolution of the crystalline lava above the critical crystalline fraction where the behavior of the mixture is controlled by the solid network (Chevrel et al., 2013). As a result, we used separate values for two categories of crystals: proline spheroids (plagioclase crystals; aspect ratio of 9.05, ϕm = 0.44, 𝛿 = 4.45, 𝛾 = 8.55, ϕ∗ = 0.28, and 𝜉 = 1×10-3) and spheres (pyroxene and olivine crystals; aspect ratio of 1.03, ϕm = 0.61, 𝛿 = 11.40, 𝛾 = 1.60, ϕ∗ = 0.67, and 𝜉 = 10×10-3). We made our calculations with a high estimated strain rate of 1 s-1 due to the generally trachytic texture of the lava samples (preferential crystal alignment), following Caricchi et al. (2007) and Ramírez-Uribe et al. (2021).
While bubble nucleation has been shown to affect viscosity in magmas and lavas (Soldati et al., 2020), and our samples range between 1 and 21% in vesicularity (in cooled lavas), a model has not yet been developed to fully account for the effect of bubbles on apparent viscosity in an active lava flow (Stein and Spera, 1992; Quane and Russell, 2005; Pistone et al., 2012; Soldati et al., 2020), therefore, following previous similar works (Chevrel et al., 2013, 2016; Ramírez-Uribe et al., 2021), bubbles were not considered in viscosity calculations in this study.
2. Lava flow velocity, effusion rate, and duration 
Lava flow morphological characteristics can be used as a proxy for estimating rheological parameters and emplacement times (e.g., Nichols, 1939; Walker, 1973; Hulme, 1974; Pinkerton, 1987; Pinkerton and Wilson, 1994; Pinkerton and Sparks, 1976; Fink and Griffiths, 1992; Kilburn and Lopes, 1991, Peters et al., 2021). While methods based only on geometrical dimensions do not account for important chemical and physical properties of the magma (e.g., chemical composition, oxygen fugacity, volatile content, temperature, shape and size of bubbles and crystals) that affect the lava rheology, they have been shown as a reasonable means for estimating lava rheology and emplacement durations in situations (e.g., Carrasco-Nuñez 1997; Chevrel et al., 2013, 2016; Ramírez-Uribe et al., 2021; Reyes-Guzmán et al., 2021). This is particularly useful in pre-historic lava flows for which no direct observations exist. Additionally, morphological characteristics can be combined with petrological/rheological characteristics (i.e., viscosity) for a mixed morphological/rheological calculation of lava characteristics and emplacement times (Ramírez-Uribe et al., 2021). Here, we use two methods based purely on morphological characteristics and one based on a mixed petrological/morphological approach.
2.1 Jeffreys Equation (petrological method)
The Jeffreys (1925) equation can be used to calculate average velocity of a Newtonian liquid flowing in a channel. This method considers both some morphological characteristics of a flow as well as its viscosity. When applied to a flow with a channel that is significantly wider than its depth, the following equation is used:

where H is the depth of the lava in the channel, 𝜌 is lava density, 𝑔 is acceleration due to gravity, 𝛼 is the angle of the slope down which the lava is flowing, and η is the lava viscosity. Here, we used the apparent viscosities calculated using the methods described in Section 1 of this document that correspond to the flows for which morphological measurements were obtained from the LiDAR data (Flows 2 and 4).
2.2 Grätz-Number method
Here we use the purely morphological method proposed by Pinkerton and Wilson (1994) that links the final length of lava flow to the amount of cooling taking place in the lava and the velocity of emplacement. This model applies to cooling-limited flows (not to volume-limited flows) (Pinkerton and Wilson, 1994) and assumes that the flow is controlled by the behavior of the viscous center of the flow rather than by resistance of the solidifying crust. Here, the heat transfer is dominated by conduction and represented by the Grätz number (Knudsen and Katz, 1958; Hulme and Fielder, 1977; Pinkerton, 1987; Pinkerton and Sparks, 1976). Pinkerton and Sparks (1976) and Pinkerton and Wilson (1994) observed that cooling-limited basaltic flows on Etna and Hawaii stopped advancing when their Gz number had fallen below a critical value of 300, therefore we use Gz = 300 in our calculations. The flow velocity can be estimated from:

where u is the mean velocity, the thermal diffusivity (4.21 x 10-7 m2s-1; Kilburn and Lopes, 1991), H the thickness, and L the length of the flow.
Here and in the other methods, the mean volumetric effusion rate (Q) of the extruded lava can be calculated by considering velocity in terms of average dimensions of a cross section of the flow:

where W is the flow width and H is the flow thickness.
In the case of all methods, the eruption duration can be obtained by dividing the volume (V) of the flow by its effusion rate: 
2.3 Kilburn and Lopes (1991) method
The second purely morphological method is an empirically derived equation that relates the emplacement time (𝑡𝐾𝐿) to the final dimensions of the flow, independently of the effusion rate, lava intrinsic properties (viscosity, density), and driving forces (gravity) (Chevrel et al., 2016). In this method, the motion of the flow’s core is treated as steady, uniform, and laminar and behaves as a Newtonian fluid under low deformation rates and therefore may function well for block flows where the advance of the flow is limited by crust formation (Reyes-Guzmán et al., 2021). Emplacement time of the flow can be estimated by:

where Wm and Lm are the maximum width and length of the flow (here we used the mean width calculated from 10 profiles along the flow), H the flow depth, α the slope angle on which the lava is flowing, n a factor = 3 for flows with width > depth (inherited from Jeffreys’ equation), and  the thermal diffusivity (4.21 x 10-7 m2s-1).
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